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Based on variational principle and Faddeev method, we present a general framework toward
finding propagating solutions of multiple interacting particles on a torus. Two different versions
of multiple particles secular equations are presented. Version one shows a close relation between
propagating solutions on a torus and infinite volume dynamics. Second may be more suitable and
robust for the task of lattice QCD data analysis. The proposed formalism may also be useful for
the study of few-body interaction effect on electronic band structure in condensed matter physics.
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Introduction.–Few-body interaction has been a cru-
cial element in many aspects of modern physics, for ex-
ample, the extraction of light quarks mass ratio from ex-
perimental data requires precise determination of three-
body dynamics [1–6]. Few-body systems may also
demonstrate some distinct features and unexpected long-
range few-body effects, such as Effimov effect [7] and nu-
clear Halo effect [8]. In recent years, study of multiple
hadron particles interaction from first principle calcula-
tion on lattice QCD has became a new trend and frontier
in nuclear/hadron physics. However, extracting multi-
ple particles dynamics from lattice simulation is mostly
limited to two particles sector currently, two-body finite
volume formalism is largely based on Lu¨scher formula
and its variants [9–20]. Although there have been some
developments on three-body problems from different ap-
proaches [21–40], most of these approaches are more or
less convoluted to the extent that it becomes less acces-
sible to regular users and also less efficient on numerical
analysis.
The aim of this letter is to present a framework that
may have a potential to overcome some technical obsta-
cles and provide a more convenient means toward anal-
ysis of lattice QCD simulation. One important observa-
tion of multiple particles dynamics in lattice QCD simu-
lation is that the key is to find propagating solutions of
multiple interacting particles in a periodic box, which is
similar to the study of electronic band structure in con-
densed matter physics. Therefore, the proposed frame-
work may also be useful for the study of few-body effect
on electronic band structure. The formalism is based
on variational approach [39] with assumption that the
finite volume wave function is given by the linear super-
position of all the independent infinite volume propagat-
ing solutions. Imposing periodic boundary condition in
a finite box ultimately lead to a quantization condition
that put constraints on allowed energy levels and secu-
lar equations that determine the ratios of coefficients in
linear superposition of infinite volume propagating so-
lutions. The basic idea can be illustrated by a simple
quantum mechanical example of a single particle prop-
agating through a periodic potential. The extension of
basic idea to multiple particles sectors is accomplished by
combining Faddeev method [41, 42] with variational ap-
proach, hence, multiple particles secular equations have a
well-defined kernel and are free from singularities caused
by disconnected contributions. The formalism presented
in this work may also provide a natural framework to
include coupled-channel effect among particles sectors.
Single particle propagation on a one dimen-
sional torus, Lu¨scher formula and variational
approach–Let’s start our discussion with a simple quan-
tum mechanical problem of two particles moving on
a torus. Factorizing out center of mass motion, the
problem of two propagating particles on a torus may
be mapped into a problem of single particle tunnel-
ing through a periodic potential. It is sufficient to use
this rudimental example to illustrate its connection to
Lu¨scher formula and the key ideas of variational approach
in a pedagogical fashion but avoiding too much technical
complications.
Single particle tunneling though a periodic potential:
The problem of a quantum mechanical particle propa-
gating in a periodic box with size of L and interact-
ing with a short-range spatially symmetric potential,
V (−x) = V (x), is described by Schro¨dinger equation,
(
E +
∇2
2m
)
φ(x,E) = V (x)φ(x,E), x ∈ [−L
2
,
L
2
], (1)
where the wave function is required to satisfy periodic
boundary condition,
φ(−L
2
, E) = e−iQLφ(
L
2
, E), φ′(−L
2
, E) = e−iQLφ′(
L
2
, E).
(2)
The Q may be related to CM momentum of two-particle,
P = 2pid
L
(d ∈ Z), by Q = P2 in lattice QCD computation
[19] or the quasi momentum of particle in condensed mat-
ter physics [43]. For the purpose of general discussion, Q
value in this work will be assumed to be an arbitrary real
2number. One conventional approach of solving above de-
scribed problem is that the finite volume wave function
is expressed as the linear superposition of all the inde-
pendent solutions of corresponding Schro¨dinger equation
in infinite space: φ(x,E) =
∑
J cJψJ(x,E), where ψJ is
the solution of equation,
(
E +
∇2
2m
)
ψJ(x,E) = V (x)ψJ (x,E), x ∈ [−∞,∞],
(3)
corresponding to a free incoming wave ψ
(0)
J . Each single
ψJ usually does not satisfy periodic boundary conditions
in Eq.(2), the solution of Eq.(1), φ =
∑
J cJψJ , must
be obtained by imposing periodic boundary conditions
and finding correct coefficients, cJ , to meet boundary
condition of wave function φ. In another words, im-
posing boundary condition ultimately yield the quanti-
zation condition that determines allowed energy spectra
and solutions of finite volume wave function in terms of
infinite volume wave solutions. In 1D, only two inde-
pendent solutions are present in infinite volume [20, 36],
ψ±(−x,E) = ±ψ±(x,E), which have the asymptotic
form of
ψ±(x,E)
|x|∼L2→ ψ(0)± (x,E)+it±(k)eik|x|Y±(x), k =
√
2mE,
(4)
where ψ
(0)
+ (x,E) = cos kx, ψ
(0)
− (x,E) = i sinkx,
Y+(x) = 1 and Y−(x) =
x
|x| . The physical scat-
tering amplitudes, t±(k), are defined by t±(k) =
− 12k
∫∞
−∞
dxe−ikxV (x)ψ±(x,E). Using asymptotic form
of ψ± given in Eq.(4), the quantization condition thus
can be found quite easily after boundary conditions are
imposed,
tan2
QL
2
[
1 + e−ikL
2i
+ t+(k)
] [
1 + e−ikL
2i
+ t−(k)
]
+
[
1− e−ikL
2i
+ t+(k)
] [
1− e−ikL
2i
+ t−(k)
]
= 0. (5)
Meanwhile the ratio of c+ and c− is also obtained,
c+
c−
= −i cot QL
2
1− e−ikL + 2it−(k)
1 + e−ikL + 2it+(k)
. (6)
Hence, the single particle propagating though a peri-
odic potential is now considered solved completely: both
quantization condition and coefficients of linear superpo-
sition are obtained. The quantization condition in Eq.(5)
may be considered as a generalized Lu¨scher formula in
1D [20, 36]. In general, for an arbitrary Q value, both
ψ± have to contribute to make sure φ =
∑
J=± cJψJ
meet the periodic boundary condition. To illustrate this
point further, let’s also use two particles interacting with
a δ-function potential in 3D as another example [39].
With a δ-function potential, only S-wave scattering am-
plitude contributes, the secular equation is simply given
by cJ
[
i+ 1
t0(k)
]
= c0M(Q)[J],[0](k), where M
(Q)
[J],[J′] stand
for partial wave expansion coefficients of finite volume
Green’s function, see [19, 39]. In finite volume, all the
partial waves have to be summed up with correct ratios
to meet periodic boundary condition, the finite volume
wave function finally is proportional to periodic finite vol-
ume Green’s function: φ(x, E) ∝ t0(k)G(Q)L (x, E).
Finite volume Lippmann-Schwinger equation:
Though in 1D, conventional boundary condition
matching procedure presents a clear demonstration for
above quantum mechanical periodic boundary example,
matching boundary condition procedure starts becoming
technically tedious in higher dimensions and multiple
particles sectors. Hence, the differential equation,
Eq.(1), and boundary conditions, Eq.(2), together may
be replaced by a finite volume Lippmann-Schwinger type
equation,
φ(x,E) =
∫ L
2
−L2
dx′G
(Q)
L (x− x′, E)V (x′)φ(x′, E), (7)
where finite volume Green’s function is given by
G
(Q)
L (x,E) =
1
L
p= 2pin
L
+Q∑
n∈Z
eipx
E − p22m
. (8)
The periodic boundary conditions of φ in Eq.(2) are au-
tomatically satisfied due to the periodicity of G
(Q)
L ,
G
(Q)
L (x+ L,E) = e
iQLG
(Q)
L (x,E). (9)
Using the fact, φ =
∑
α cJψJ , again, since solutions of
ψ± are given, solving finite volume Lippmann-Schwinger
equation is now turned into a problem of finding allowed
energy values and c± which satisfy equation,∑
J=±
cJψJ (x,E)
=
∑
J=±
cJ
∫ L
2
−L2
dx′G
(Q)
L (x− x′, E)V (x′)ψJ (x′, E). (10)
To arrive Lu¨scher formula again from Eq.(10), we may
use asymptotic form of ψJ in Eq.(4) again and the ana-
lytic expression of finite volume Green’s function,
G
(Q)
L (x,E)
= −2mi
2k
[
eik|x| +
eikx
ei(Q−k)L − 1 +
e−ikx
e−i(Q+k)L − 1
]
.
(11)
Thus, we find
c+ cos kx+ c−i sin kx
=
eikx
ei(Q−k)L − 1 [c+it+(k) + c−it−(k)]
+
e−ikx
e−i(Q+k)L − 1 [c+it+(k)− c−it−(k)] . (12)
3cos kx and i sin kx are two independent basis, both coef-
ficients of these two independent basis in Eq.(12) have to
vanish, therefore, quantization condition in Eq.(5) and
the ratio of c+/c− in Eq.(6) are recovered again from
finite volume Lippmann-Schwinger equation approach.
That is to say, under our assumption of φ =
∑
J cJψJ , fi-
nite volume Lippmann-Schwinger equation serves only as
a tool of imposing periodic boundary conditions in finite
volume.
Variational approach: Lu¨scher formula provides an
explicit connection between periodic structure of lattice
and infinite volume physical scattering amplitude. As il-
lustrated in previous discussion, obtaining these explicit
relations require good knowledges of asymptotic form of
multiple particles wave function and asymptotic proper-
ties of finite volume Green’s function. Unfortunately, for
multiple particles interaction, finding asymptotic forms
of wave function and Green’s function itself is not an
easy task. Especially, pair-wise interaction in multiple
particles sectors behaves as a long-range interaction, so
it makes study of asymptotic behaviors even more dif-
ficult. The variational approach [39] was developed to
provide a numerical framework toward finding solutions
of multiple particles dynamics in finite volume by sacri-
ficing analytical form of Lu¨scher formula. In this work,
the variational formalism are derived from finite volume
Lippmann-Schwinger equation in Eq.(10). Integrating
both sides of Eq.(10) by
∫ L
2
−L2
dxψ∗J′ (x,E), a secular equa-
tion in a periodic box is obtained,
∑
J
[
SJ′,J(E)−H(Q)J′,J(E)
]
cJ = 0, (13)
where SJ′,J(E) =
∫ L
2
−L2
dxψ∗J′(x,E)ψJ (x,E), and
H
(Q)
J′,J =
∫ L
2
−L2
dxdx′
× ψ∗J′(x,E)G(Q)L (x− x′, E)V (x′)ψJ (x′, E). (14)
Therefore, in variational approach, the quantization con-
dition is given by
det
[
SJ′,J(E)−H(Q)J′,J(E)
]
= 0, (15)
and ratio of coefficients can also be found, c+/c− =
S+,−(E)−H
(Q)
+,−(E)
S+,+(E)−H
(Q)
+,+(E)
, which are equivalent to Eq.(5) and
Eq.(6) respectively.
The variational approach has the advantage that no
explicit asymptotic expression of wave functions and fi-
nite volume Green’s function are required, hence, it may
present a convenient numerical approach to finite volume
problems. However, in practice, it is still computational
intense, the computation of matrix elements in multiple
dimensions is never an easy task. It may not be most
suitable form for the purpose of lattice data fitting. On
the other hand, if only obtaining the energy spectra is
concerned, or we are content with only numerical solu-
tions of both wave function and energy spectra in finite
volume. The finite volume Lippmann-Schwinger equa-
tion Eq.(6) may be turned into a homogeneous matrix
equation by discretizing it in a finite box and may be
solved directly numerically,
∑
j
[
δi,j −G(Q)L (xi − xj , E)V (xj)
]
φj = 0, (16)
where xj ∈ [−L2 , L2 ] stands for discrete positions in finite
volume and φj = φ(xj , E). In this case, Eq.(16) may be
considered as secular equations with coefficients of φj ,
the quantization condition is therefore simply given in
terms of potential by
det
[
δi,j −G(Q)L (xi − xj , E)V (xj)
]
= 0. (17)
The normalized finite volume wave function, φ, may
also be solved numerically. The secular equations in
Eq.(16) and quantization condition given in Eq.(17) per-
haps don’t show much advantages in two-body dynam-
ics. But when it comes to multiple particles interaction,
it may show some potentials to be an efficient tool for
lattice QCD data analysis in practice.
Multiple particles propagation on a torus and
variational approach–In the higher dimensional space
or for multiple particles dynamics, using finite volume in-
tegral equations, such as, Lippmann-Schwinger equation,
to implement periodic boundary condition shows clear
advantages. General form of multiple particles interac-
tion in a finite periodic box may be given by a integral
equation defined in a single cell of periodic box,
Φ = GLV Φ, (18)
where multiple particles finite volume Green’s function,
GL, and finite volume wave function, Φ, share the same
periodic boundary condition. Applying the same tactics
described previously, the finite volume wave function may
be given by the sum of all the possible independent prop-
agating solutions in infinite volume, Φ =
∑
J cJΨJ . The
ΨJ satisfies integral equation,
ΨJ = Ψ
(0)
J +G0VΨJ , (19)
where G0 stands for the infinite volume Green’s function
and Ψ
(0)
J represents an incoming wave. We are hoping to
turn integral equation, Eq.(18), to a secular equation,
∑
J
〈ΨJ′ |I−GLV |ΨJ〉cJ = 0, (20)
where ΨJ = (I−G0V )−1Ψ(0)J . Both quantization con-
dition and solutions of Φ may be obtained from secular
4equations, Eq.(20). Typically, the numbers of indepen-
dent solutions are infinite in higher dimensional space or
multiple particles sectors, due to the fact that only con-
straint on kinematics is the total energy of particles. For
example, single particle in 3D, the incoming waves can
be chosen as partial waves, Ψ
(0)
J=[J](r) = jJ(kr)Y[J](r).
Hence, the variational basis ought to be truncated in
practical computation.
Faddeev method and multiple particles propagating so-
lutions in infinite volume: When it comes to multi-
ple particles dynamics, especially when pair-wise interac-
tions are involved, the disconnected diagrams yield non-
compactness of integral kernel in Eq.(19), and cause the
difficulty of solving Eq.(19) directly. Faddeev procedures
[41, 42] are usually adopted to turn a single integral equa-
tion, Eq.(19), to a set of coupled equations with a well-
defined kernel. Although the variational approach and
Faddeev method that are described in follows are not
limited just to three-body problem, for the simplification
of presentation, we will constrain our discussion on only
three-body problem with both pair-wise interaction and
three-body short-range interaction. In infinite volume,
scattering solutions of three-particle are given by
ΨJ = Ψ
(0)
J +G0(v1 + v2 + v3 + v4)ΨJ , (21)
where vα=1,2,3 stands for pair-wise interactions between
pairs (βγ) and α 6= β 6= γ, and v4 represents the three-
body short-range interaction involving all three particles.
By introducing scattering amplitudes, Tα,J = −vαΨJ ,
and the total scattering amplitude, TJ =
∑4
α=1 Tα,J =
−VΨJ , the three-body Lippmann-Schwinger Eq.(21) is
thus transferred into a set of coupled equations,
Tα,J = −vαΨ(0)J + vαG0
∑
β
Tβ,J . (22)
Defining operators,
tα = −(I− vαG0)−1vα, (23)
the Faddeev equations are thus obtained,
Tα,J + tαG0
∑
β 6=α
Tβ,J = tαΨ
(0)
J . (24)
Faddeev equations in Eq.(24) are standard Fredholm-
type equations with a well-defined kernel, and can be
solved rather straightforwardly.
Multiple particles secular equations in finite volume:
The Faddeev procedures may be adopted in finite vol-
ume as well, similarly, we may introduce finite volume
amplitudes by T
(L)
α = −vαΦ, and total finite volume
T -amplitude, T (L) =
∑4
α=1 T
(L)
α = −VΦ. Therefore,
Eq.(18) now is turned into,
T (L)α = vαGL
∑
β
T
(L)
β . (25)
If we also introduce finite volume operators by,
t(L)α = −(I− vαGL)−1vα, (26)
a finite volume version of Faddeev equations is thus given
by
T (L)α + t
(L)
α GL
∑
β 6=α
T
(L)
β = 0. (27)
In finite volume, applying the assumption, Φ =∑
J cJΨJ , or equivalently, T
(L)
α =
∑
J cJTα,J , the multi-
ple particles secular equations are hence obtained,
∑
J

∑
α,β
〈Tα,J′ |δα,β(I− t(L)α GL) + t(L)α GL|Tβ,J〉

 cJ = 0,
(28)
where Tα,J = [δα,β(I− tαG0) + tαG0]−1 tαΨ(0)J . There-
fore, the energy spectra of multiple particles propagating
on a torus are determined by the quantization condition,
det

∑
α,β
〈Tα,J′ |δα,β(I− t(L)α GL) + t(L)α GL|Tβ,J〉

 = 0,
(29)
or in terms of potentials instead of t
(L)
α operators,
det

∑
α,β
〈Tα,J′ |δα,β − vαGL|Tβ,J〉

 = 0. (30)
The finite volume wave functions are solved by secular
equations, Eq.(28), as well.
Again, although secular equations in Eq.(28) may pro-
vide a sound numerical framework toward finding prop-
agating solutions of multiple particles on a torus, it is
still computational intense and may not be very efficient
for data fitting task in practice. For the practical pur-
pose, it is probably more effective to solve finite volume
Faddeev equations in Eq.(25) or Eq.(27) directly by ei-
ther discretizing it in finite coordinate space or Fourier
transforming it to finite volume momentum space with
discrete free lattice momenta. For instance, Eq.(25) may
be turned into a homogeneous matrix equation,
∑
β,j
[δα,βδi,j − (vαGL)i,j ]T (L)β,j = 0, (31)
where index (i, j) stand for the discretized grid positions
in a finite box. Therefore, the discretized finite volume
Faddeev equation in Eq.(31) itself now may be treated as
secular equations with T
(L)
β,j as coefficients of expansion
basis, the quantization condition of multiple particles in
finite volume is thus given by
det [δα,βδi,j − (vαGL)i,j ] = 0. (32)
5For multiple particles dynamics, typically, dealing with
potentials directly is much easier than handling multiple
particles scattering amplitudes.
Summary.–In summary, a general framework toward
finding multiple particles propagating solutions on a
torus is proposed. The multiple particles secular equa-
tions in finite volume are derived on the foundation of
variational approach combined with Faddeev method,
the periodic boundary conditions are imposed by finite
volume Faddeev type or Lippmann-Schwinger type in-
tegral equations. Both multiple particles quantization
condition and finite volume wave function solutions may
be obtained from secular equations. Two versions of mul-
tiple particles secular equations are presented in Eq.(28)
and Eq.(31). The first version of secular equations given
in Eq.(28) and corresponding quantization condition in
Eq.(29) or Eq.(30) are derived upon the assumption that
the finite volume wave function is given by the linear su-
perposition of all the possible infinite volume solutions:
Φ =
∑
J cJΨJ . Hence, version one may reveal close re-
lations between propagating solutions on a torus and so-
lutions in infinite volume. The second version of secular
equations given in Eq.(31) and corresponding quantiza-
tion condition in Eq.(32) may seemmore obscure in terms
of extracting infinite volume dynamical information of
multiple particles interaction. However, second version
of secular equations may be mostly efficient and robust
on the specific tasks, such as lattice QCD data analysis.
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